Let A and B denote local rings such that A = B/tB, where t is a regular nonunit, and let b denote an ideal in B such that the A-ideal a = b/(t) has codimension 2. Let 
and Griffith-Spiroff [11] show that the defining equation f = 0 and its location in "high powers" of the maximal ideal m B (here B is local) play a central role in the discussion. In this article we wish to explore the surjective behavior of this homomorphism. At the time of this writing the best general result on the subject is a consequence of Grothendieck's work [13, Lemmata 3.16, 3.17] in which he establishes conditions based on "depth and regularity" so that Pic(Spec B −m B ) ∼ = Pic(Spec A−m A ). This result led to Grothendieck's now famous Theorem [13, XI, 3.14] that local complete intersections are parafactorial for dimension 4. For a more simple and straightforward treatment of Grothendieck's theorem one should consult Call's article [4] and especially the Call-Lyubeznik argument [5] .
Here we consider the following associated question. Let B denote a local ring and let t be a regular nonunit in B. We set A = B/tB and we assume that B is complete in the t-adic topology. Given a finitely generated reflexive A-module M and an A-ideal a with codim a 2, when does there exist a reflexive B-module N and an exact sequence . That being said we cannot simply imitate the usual incremental procedure that is based on a "projective theory" since there is not a suitable projective theory. Instead we must utilize the injective theory of sheaves. The dual construction as described in Section 1 leads in a natural way to a direct system of O Y -modules that must be converted into a (surjective) inverse system through duality. A fairly weak condition (see (1.2) ) is required for this conversion process. The limit of the inverse system provides a coherent O Y -module G such that G is reflexive and such that i * G ∼ = F v (Theorem 1.5). Moreover, the long exact sequence for sheaf cohomology provides the desired 4-term exact sequence (Theorem 1.6) in which M (see ( * ) above) is replaced by its A-dual M * = Hom A (M, A). However, this result is sufficient for achieving answers to questions about the image of the group homomorphism C B → C A when A and B are normal. Moreover, we obtain conditions under which Pic Y ∼ = Pic X, thus providing a slight generalization of Grothendieck's results in [13] . In Section 2 we establish conditions under which the required vanishing of sheaf cohomology occurs so that one can implement the procedure of Section 1, and in Section 3 we record the consequences of the results in Sections 1 and 2 taken together. In particular, in case A and B are normal and A satisfies the Serre condition S 4 , sufficient conditions for a reflexive A-ideal I to have [I ] ∈ Image (C B → C A) are that I be locally free on X in codimension 3 and that I and I * satisfy the Serre condition S 3 on X. The appendix is devoted to some results in local algebra that are necessary to verify certain sheaf-theoretic formulas in Sections 1 and 2 hold at the stalks.
(0) Some notation, terminology and elementary observations. For the most part our notation and terminology agree with that of Hartshorne [15] in the setting of schemes and Matsumura [17] for commutative algebra. We make frequent references to the article of Auslander-Ding-Solberg [1] when discussing the notion of "lifting of a module". In the remainder of this section we attempt to justify and clarify some of the terminology that occurs in the subsequent sections of this article.
(0.1) Let A be a local ring that satisfies the Serre condition S 2 and is Gorenstein in codimension 1. Let S denote the multiplicative set of regular elements on A. Then S −1 A is a zero-dimensional Gorenstein ring, and hence A → S −1 A represents the injective envelope of A. An element x in a module M is called a torsion element provided ax = 0 for some a ∈ S. The notation M a will indicate the submodule {x ∈ M | ax = 0}; a similar notation will be used in the case of coherent sheaves. (The notation "M a " will not be used to indicate localization in this article; we use M[a −1 ] to indicate localization with respect to the multiplicative set 1, a, a 2 , . . . .) We remark that M a ∼ = Hom A (A/aA, M). It is elementary that a finitely generated A-module M is torsion free if and only if it is a submodule of a free A-module. Moreover, if M = 0 is torsion free, then S −1 M = 0. An observation that proves useful in Section 4 (and consequently in Section 1 as well) is:
(0.1.a) If M is a finitely generated torsion free A-module that is free in codimension zero, then an exact sequence of the form 0 → M → M → M can occur only if = 0 and is an isomorphism. The key point in justifying (0.1a) is that the homomorphism S −1 in the localized se-
n for some n > 0, and since S −1 A is a direct product of self-injective local rings. (0.1.b) Let A be as in (0.1.a) and let M be a finitely generated torsion free A-module. In case M is locally free in codimension 1 on Spec A then it is easy to tell if the middle term of the short exact sequence 0 → M → E → T → 0 represents the bi-dual of M with respect to the duality functor (•) * = Hom(•, A). Namely, if E satisfies Serre's S 2 condition and if T has no support in codimension 1, then necessarily the homomorphism M → E is isomorphic with the natural map M → M * * . This observation follows easily by dualizing the above short exact sequence with respect to A and noticing that Ext 1 (T , A) = Hom(T , A) = 0, a result of the fact that A satisfies S 2 and codim(ann T ) 2.
(0.2) Let B denote a local ring having a regular element t such that A = B/tB. Let b denote an ideal of codimension 3 such that t ∈ b. We put a = b/(t); so a is an ideal in A of codimension 2. We consider the pullback diagram 
Taking global sections over Y gives rise to a 4-term exact sequence of B-modules
for which Supp T ⊆ V (a). In this article we say that such a 4-term exact sequence is an "approximate lifting of the A-module N with respect to the ideal a". If codim a j we may indicate this property by stating that the 4-term exact sequence is an "approximate lifting of N of codimension j ".
Extending coherent reflexive O X -modules
Let B denote a local ring of dimension 3 and let t be a regular nonunit in B such that B is complete in the t-adic topology. With A = B/tB we impose the conditions of Section (0.1) on both A and B so that we have a suitable torsion theory and a suitable duality theory with respect to the functor Hom A (•, A) (similarly for B-modules) as outlined in section (0.1). Namely, we assume that each of A and B satisfy the Serre condition S 2 and that B is Gorenstein in codimension 1; so A is Gorenstein in codimension zero. Next we suppose that b is an ideal in B with t ∈ b and such that the A ideal a = b/(t) has codimension 2 in 
We accomplish our sheaf theoretic extension via arguments along (somewhat) traditional lines in commutative algebra with the notion of "finitely generated module" replaced by "coherent O X -module". The context here is technically more challenging than the corresponding setting in commutative algebra due to the fact we are forced into employing the "injective theory" of coherent O X -modules since there is not a suitable projective theory.
(1.3) Perhaps we can demonstrate the route we will take by observing the following trivial example related to the p-adic integersẐ (p) = B. We may construct a "lifting" of Z p = B/pB = A to B by the following circuitous route. Consider the directed system
We can pass to a surjective inverse system
The associated inverse system Z p n+1 → Z p n has inverse limit "B" as required.
We begin the process of constructing a directed system by setting G 1 = i * F and proceeding directly to the induction step. That is we assume that G n (as well as its predecessors) has been constructed to satisfy:
There is a short exact sequence
We refer to the "G i " as the ith infinitesimal expansion of G 1 . Once the directed system of infinitesimal expansions has been constructed to satisfy (i)-(iv) above, then we convert the directed system {G n } ∞ n=1 into a surjective inverse system {G
, analogously to the elementary construction described in (1.3). Our starting point in the construction for the inductive step is to mimic in a dual way the standard lifting construction for modules as described in [1, pp. 276-281] . We assume G 1 , ..., G n have been constructed so that the properties of (1.4) are satisfied and construct a "next" infinitesimal expansion G n+1 as follows. Let 0 → G n → I → C → 0 be an exact sequence of O Y -modules in which I is injective. We apply the functor Hom Y (Ō Y , •) to this short exact sequence to get
This together with A.2 ( * * * ) provides the required identifi-
where Z represents the kernel of . Since
and that there is a natural identification of ( † †) with an element in Ext 2 X (F, F) which vanishes by our assumption (1.1). The fact that I t is necessarily injective as anŌ Y -module together with the isomorphism Ext 2 
Thus, (i) and (iv) of (1.4) are established. Also, it is clear that t n+1 G n+1 = 0 since tG 1 = 0 and t n G n = 0. Therefore, it remains to establish (ii). To this end we consider the diagram and quote A.2( * * ) and A.2( * * * ) to see that the top row is exact at the stalks of X. Thus we have completed the induction step in the construction of the directed system {G n } ∞ n=1 that satisfies (i)-(iv) in (1.4). An additional fact that emerges is:
(This statement is a consequence of (A.3) after passing to the stalks of X.)
In order to turn the directed system {G n } ∞ n=1 of infinitesimal expansions into an inverse system, we set G
; see Rees [19] "change of rings". Therefore (1.4) (iv) yields short exact sequences (The "0" on the left follows from the fact that each
A further induction shows [14, pp. 12,13] . In particular G is a quasi-coherent O Y -module. Moreover, as described in [1, p. 277] there is a short exact sequence of inverse systems where¯ n is the surjection induced by the surjection G 
Indeed, since any O Y -module is generated by its global sections, we compute the exact sequence of sheaf cohomology 
Proof. The exact sequence in (1.4)(vii) above: 
in which N is a finitely generated reflexive B-module and where Ass A T ⊆ V (a).
Vanishing of Ext
In this section we supply conditions on the coherent reflexive O X -module F so that condition 1.1 occurs. Although we assume that F is locally rank one as a result of other hypotheses (e.g., End X F ∼ = A), nonetheless we restrict the codimension where F is assumed locally free. 
. To see ( * ) check the morphism O X → End X F at the stalks of X and apply hypothesis (2) and the S 2 property for O X and F. Similarly for ( * * ), note the right-hand map in ( * * ), Hom(i, F), is surjective in codimension 2 from (2) above, and is thus surjective since O X satisfies S 3 . (To see this localize at a prime minimal among those at which the map is not surjective and count depths.) Moreover, the hypothesis that A is S 3 along with the assumption codim a 3 gives that H 1 (X, O X )=0; see [ F) ). Once again the claim that the natural "evaluation" map F → F vv is an isomorphism is easily checked at the stalks, again using the fact that F is S 2 . Since the bottom row is necessarily split exact as it is the dual of ( * * ), it follows that the top row is also. Thus we have argued that Proof. One has Ext 1 X (F, F) = 0 since conditions (1 ), (2 ) and (3 ) are stronger than the corresponding conditions in Theorem 2.1. In order to justify that Ext 2 X (F, F) = 0 we need a few observations about torsion free O X -modules within the context of our existing hypothesis on the local ring A, namely, the implicit "S 1 " hypothesis. By standard arguments one may construct a short exact sequence 0 → O r X → F → T → 0 where bT = 0 for some regular element b in the maximal ideal of A. Since our hypothesis on A and the ideal a guarantees that a contains a regular element, we may assume that b ∈ a. We remark that such an element b cannot be regular on the A-module (2 ) , (3 ) imply that the pair i * F=F andĀ satisfy (1), (2) and the reflexivity condition forF on U , where i : U → X. Thus Ext 1 U (F,F) = 0 which yields Ext 2 X (F, F) = 0 as well.
Applications
In this section we apply results of the previous sections in connection with obtaining approximate liftings for reflexive ideals. To be specific let B and A be normal local domains such that B/tB = A where t ∈ m B − 0 and such that B is complete in its t-adic topology. The divisor classes in C A are each represented by a unique isomorphism class determined by a reflexive ideal. One should consult [2, Chapter VII, 10, 16] or [21] Perhaps the most notable results in this context are Grothendieck's famous results [13, Lemmata 3.16, 3.17] that provide conditions on the punctured spectra of A and B, respectively, so that Pic(Spec B − m B ) ∼ = Pic(Spec A − m A ). We remark that the respective Picard groups are subgroups of C B and C A; moreover, Pic(Spec A − m A ) ∼ = C A when Spec A − m B is regular. Although one could apply our results of Sections 1 and 2 to obtain a proof of Grothendieck's result, there is on record a very short and elegant argument given by Call and Lyubeznik [5] for the case when both groups are zero. In fact their argument suggests that the full statement of Grothendieck's result should follow along the same line of reasoning. Although our approach might appear somewhat "round about", the level of technical difficulty is roughly that of [4, 5] . Moreover, we prove a bit more in that the open subschemes are not required to be of the form "Spec A − m A ". 
where AssT ⊆ V (a). 
Proof. From (2.2) and (A.4) we have that Ext

Corollary 3.3. If the open subschemes X and Y are normal then
Proof. Let L represent a locally free O X -module of rank one. Then L=H 0 (X, L) satisfies the criteria of Theorem 3.1. So there is a lifting approximation of codimension 2 
By Nakayama's Lemma, we have Ext 1 Y (G, G ) = 0 and that = 0, i.e. the sequence of global sections
One sees that is an isomorphism by passing to the stalks and applying Nakayama's lemma.
The uniqueness part of the argument in Corollary 3.4 that establishes the injective portion of the isomorphism Pic Y ∼ = Pic X has a direct translation into the context of divisor class groups. We formally record the connection here. As a corollary to Proposition 3.5 we get the result of Danilov [8, Section 2] . Theorem 3.6 (Danilov) . Let A be a local domain that satisfies the Serre condition S 3 and the regularity condition R 2 (i.e., A is "supernormal"). The image of P /P 2 in A B /B is isomorphic to P /P (2) since P is generically a complete intersection in Spec ; see [17, Theorem 5.1] . Since /B is B-free it follows that A B /B is an A-free module. The condition pd A/B = 1 yields that P /P (2) is a free A-module, and Smith's theorem [20] further gives that P is generated by a -sequence. Moreover this holds when we pass to the completed ring
. By Proposition 3.5 one has that the natural group homomorphism C B → C ˆ is an isomorphism. It remains to argue that the natural map C ˆ → C A is an isomorphism to see that the homomorphisms in the commutative triangle
are each isomorphisms, that is, that C B → C A is an isomorphism. However, the surjectivity follows by repeated application of Theorem 1.5, and the injectivity follows the line of reasoning exploited in 3.4 and 3.5 above.
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Appendix. Supporting results in local algebra
In order to verify certain sheaf theoretic formulas at the stalks of open subschemes as described in Sections 1 and 2, it is necessary to provide some arguments for their validity over local rings. To this end let B denote a local ring having regular nonunit t with A=B/tB. We assume that both A and B satisfy the conditions of (0.1) in Section 0 so that both rings possess an appropriate "torsion theory". For n 1, we let B n = B/t n B; hence B 1 = A. Next we introduce some terminology and concepts that are precisely dual in character to the notion of "lifting" and "infinitesimal lifting" as laid out by Auslander-Ding-Solberg [1, pp. 275-281] . 
Proposition A.2 (Notation as above). Suppose that
(i) 0 → L → L → L 1 → 0, where (ii) Hom B (B 1 , L) ∼ = L 1 .
Proof. ⇒ The cohomology Ext
(B n , L) can be computed from the B n+1 free resolution of B n :
by applying the functor Hom B n+1 (•, L) to obtain the complex
Since we are assuming that L is an expansion of L , we have that
However, L is an expansion of L 1 as well; so Hom(B 1 , L) ∼ = L 1 ∼ = L t and thus (i) and (ii) above hold.
In order to verify the exactness of complex ( * ) above we make use of an observation [1, Lemma 1.1]: For L as above in Mod B n+1 one has that
We shall verify the second equality and thereby establish that Ext
It follows that h = 0 and that f 0 is an isomorphism (see 0.1.a). Thus it follows that cokerf 1 
We next claim that L ⊆ tL. Indeed, applying the Snake Lemma to the following commutative diagram yields a left exact sequence
As above, it follows that = 0 and * is an isomorphism. Since = 0 one sees that the map f factors though tL (as indicated in the upper left square) and that t n L ∼ = L 1 via the lower hashed map. Thus, if t = 0, then ∈ L t by definition, and so ∈ Image f 0 ; see first diagram. Therefore, = t n−1 since L t = t n−1 L (using the fact L is an expansion of L 1 ). Hence 1 = t 1 due to L ⊆ tL and so = t n−1 (t 1 ) = t n 1 . It follows that L t ⊆ t n L; the other inclusion is obvious. The equality L t = t n L shows that the cohomology of ( * ) has the necessary vanishing property. Moreover, a consequence of statement (i) in A. 2 Proof. The "change of rings" formula due to Rees [19] gives that (N, B) . Since M * * ∼ =N * is locally free in codimension one over Spec A and since Ass T ⊆ V (a) with codim A a 2, it follows that N P is B P -free for each P ∈ Spec B such that ht P = 2 and t ∈ P . Therefore, Image contains no codimension 1 primes in Spec A in its support. So N andN * have naturally isomorphic A-duals. Thus one obtains a commutative diagram in which Ass T ⊆ Supp T ⊆ V (a).
